Chapter 1
The Multi-product Newsvendor Problem:

Review, Extensions, and Directions for Future
Research



4 N. Turken et a.

function F,(-). The quantity w is purchased by the buyer for a fixed price per unit
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and the corresponding total profit for the buyer is:
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0 =
0—1 = Z‘"“’_S' (1.9)
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Setting (1.8) equal to 0, the optimal stocking quantity for each product ‘; is:
— g — A+
K F71 3 3 < s T B 1.10
v-h (—%_w& ). (110)

where A > 0.
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underage cost. By rearranging terms of (1.8), we can find the expected net benefit
of the marginal unit of product , (£

!)at w &
EEY L =1yt Pl —l—2lF(y) (1.14)

Note that E"," /.., Isanalogousto the A,. Lau and Lau introduced a procedure to
handle distributins with strictly positive lower bounds as well as distributions with
long left tails.

Abdel-Malek et al. (2004) developed the exact solution formulae for uniformly
distributed demand and presented a generic iterative method (GIM) when the
demand distribution is general. The author considered the total budget as the
resource constraint (3714, » < pc). Different from most of the work in the
literature, the author assumesthereis aleftover cost (disposal fee), where a salvage
valueis usually considered. In general, if the budget is abundant, the problem could
be solved by the unconstrained solution, yet if the budget is tight, we need to apply
the Lagrangian-based approach to solve the problem. The value of A is crucial to
solve the problem and the author discusses how to address this under specific and
general demand distributions. The formula for A when the demand is uniformly
distributed between-, and
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Threshold 2:

A= Sl (et (L18)
= '._tf"vf'.

where 6~ = min(_; J(G) and notice that 9, is the marginal utility at the lower
limit of the feasible amount of the product to be ordered and could be calculated as
follows:

9,‘ _ '.+vrk_ ( — vP'&) (O) —1 (119)
1 i
Once the thresholds are defined, the solution procedure for each of the resulting
cases can be implemented as shown in the following.

Cy, 1 ,,él) < pc- Inthis case, the budget is abundant and the budget constraint is
redundant, so we can obtain the optimal solution from the unconstrained problem.

* 7( A ‘£+VP'.)
Fa(!)——;( et (1.20)

(2) - L)

C,2 p; <pc<gpg -Inthiscase, we canrelax the nonnegativity constraint and
use the Lagrange method to get the optimal solutions.
—(0+1)y
F '*): —(6+ )1£+va_ (1.21)
= '._Q',_Fyh

Cy,3 pc < ,,< ). In this case, as mentioned before, the nonnegativity constraints
should be added to the model to avoid the infeasible solution. Furthermore, one or
more productswill have an order quantity of zero.

To determine the optimal order quantities, one needs to compute the marginal
utilities of each product by using (1.19) first and rank them in ascending order.
Begin with excluding the product (set order quantity to zero) from the top of the
list and continue the exclusion process until the updated budget threshold is less
than the previous budget. » ) isthe updated budget threshold as well as the lower
bound of budget required for including item i in the list, which is expressed by:

3 -1 L (9'.+ 1)"&4_7,'.
PG, = ,‘F‘ < PG- (122)
,Z\, < '._Q'._er"

,,:iis the updated number of items on the list. Once this point is reached, the
problem becomes tractable again and we can apply the Lagrangian method without
nonnegativity constraint to get the optimal solutions.

Several researchers incorporated nonnegativity constraints on the decision vari-
ables in their approaches. Erlebacher (2000) developed optimal and heuristic
solutions for the classical problem. The first optimal solution refers to the event
where each item has a similar cost structure and the demand for each itemisfrom a
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similar distribution. The second case is when the demand for each item follows
a uniform distribution. The first heuristic (H1) is optimal when al of the items
have a similar cost structure and similar shaped demand distribution and requires
only the mean and variance of each demand distribution and the cost data. The
second heuristic (H2) is optimal when the demand is uniformly distributed for each
item. The third heuristic (H3) is a modification of (H1) to account for general cost
structures based on the form of (H2). The authors use computational experimentsto
show that (H2) is the most effective one, especially at higher levels of capacity.
Zhang et al. (2009) developed a binary search method to obtain the optimal solu-
tion. They defined the marginal benefit function as, , ,) -t tp)lf )y
where_ {,) is a nondecreasing function ofy ,, when; L O and its inverse is a
strictly increasing function of ., when 1— % < ¢ ) < 0. The authors find that
the optimal solution to the constral ned prokﬂem is the same as the unconstrained
optimal solution when the budget constraint is not binding and is less than the
unconstrained optimal solution when the budget constraint is binding. If there are
nonzero optimal solutions, their marginal benefits should equal each other When

the budget constraint is bi nding, the optimal solution isy ( ) ,and =.§)
is the marginal benefit aty Zhang and Hua showed that 1- -ﬁ <, (**> <0

and,_ (%) can be found usi ng a binary search between these values. The algonthm
they developed first finds the solution to the unconstrained problem and assesses
whether the optimal value leads to a binding budget constraint. If this solution does
not satisfy the condition, a binary search procedure is applied. This algorithm can
provide an optimal or a near optimal solution to MPNP under any general demand
distribution and it can also provide a good approximate solution under discrete
demand distributions.
Zhang and Du (2010
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parameter-adjusted single-constraint newsvendor model, and can be solved using
the methods developed by Zhang et a. (2009). Similarly, the expected profit
function of the NO strategy can be written as 12 = Y1 [( =)t ( =50 —
(.,—2) Jg" *F§ )¢ , where, is the cost of outsourcing one unit, poand
are the decision variables for in-house production and outsourcing, respectively.
By analyzing the partial derivatives and the KKT conditions, it is evident that
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_denotes a worst case distribution function of the demand. The optimal solution
can Be found through backward recursive equations. The use of this distribution-
free solut|on is justified when the expected value of additional information
d= z-_rl('V(Sg_ Etlc"’(S"’) is low. They mentioned two heuristics
can be modlfled to solve the d|str| bution-free approach; however, this has not
been studied in this paper.
Shao and Ji (2006
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In order to find the optimum, they first find the * that satisfy (1.24) for thesingle
item case. The results show that When the individual and global optimal
values are the same. Otherwise, if <‘r. %e optimal for individual products
do not give the global optimum. If & > » “and #+ , areward policy can be
implemented to drive the subordinates to achieve tiie maximum global probability.
The authors applied this procedure for normally distributed demands as well. While
deriving the mathematical expression for # in approach 3, they introduced two
different situations. Situation B happens when | w > g1 g T2 o fOr both
products and Situation A happensif +a1 . I+y2 > holds for one product,

and “<"+,1 i+,2iholdsfor$eoth =

e Situation A
Rangel: 0<y 1 <711 where(; = F Tl o T2 w2
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Similarly, Choi et a. (2011) considered a risk-averse MPNP under the
law-invariant coherent measures of risk. They have shown that for heterogeneous
products with independent demands, increased risk aversion leads to decreased
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Consistent with the previous multidimensional newsvendor models, the
newsvendor networks are defined by a linear production technology, which
describes how inputs (supply) is transformed into outputs of fill end—product
demand, a linear financial structure, and a probability distribution of end—product
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demand at the jth discount price and the demand at the nondiscount price. If the
demand for the product at the nondiscount price is high, then discounting the price
of the product results in a proportionally high additional demand. Observations on
the solution to the constrained problem show that storage (or budget) constraint
in an MPNP reduces the service levels (i.e., probability of satisfying demand)
and order quantities of all products, when compared to the corresponding levels
for the unconstrained problem. Furthermore, the numerical examples that compare
multiple and single discount solutionsindicate that using multiple discountsinstead
of discounting just once to the salvage value may result in a different optimal
solution.

Shi and Zhang (2010), Shi et al. (2011) and Zhang (2010) investigated the MPNP
with supplier quantity discounts and a budget constraint, and the effect of these two
featureson the optimal order quantities. In thisline, Zhang presented amixed integer
nonlinear programming model to formulate the problem. The proposed Lagrangian
relaxation approach is demonstrated by means of numerical tests. Finally, the
problem is extended to multiple constraints, including space or other resource
limitations. It is assumed that suppliers provide all-quantity discounts, and the
newsvendor faces uncertain demand for multiple products. Besides, the probability
density function for each product is assumed to be given.

To solve the problem, the authors use the Lagrangian heuristic and present
methods to find upper and lower bounds, as well as an initial feasible solution.
They relax the budget constraint (instead of discount constraints that potentially
give a tighter dual bound) as it results in a classical newsvendor subproblem
with discount constraints. The computational results indicate that the algorithm is
extremely effective for the newsvendor model with supplier quantity discounts and
a budget constraint (in terms of both solution quality and computing time). The
computational results for the multi-constraint case also indicate that the proposed
approach performswell for the problems with multiple constraints.

In a different extension, Chen and Chen (2010) developed a multi-product
newsvendor model under a budget constraint with the addition of a reservation
policy. Reservation policies reduce the demand uncertainty of newsvendor-type
products. Under the reservation policy studied in this paper, adiscount rateis offered
to consumers in order to induce them to make a reservation and buy in advance.
The authors propose a general algorithm, namely the MCR algorithm, which finds
the optimal order quantity and the discount rate necessary to maximize the total
expected profit under the budget constraint. In order to illustrate the efficiency of
the proposed algorithm, MCR, they solve a numerical example and compare the
classical multi-product budget-constraint newsvendor model (CMC model) with
the multi-product budget-constraint newsvendor model with the reservation policy.
Numerical results show that the total expected profit obtained from the MCR is
greater than that of CMC. This is tied to the reservation policy proposed in the
model. The difference between the profits of these two modelsistreated asthe value
of information. Thus, we can conclude that the decision to adopt the reservation
policy depends on the trade-off between the information value and the cost incurred
to establish the willingness function and extra-demand functions.
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form of product-mix information and global information. Product-mix information
implies total demand is unknown, but the distribution over products is known
exactly. In this case, the overall optimal order quantity is determined initialy,
and then the optimal order quantity for each single item is determined from the
actual value. In the case of global information, total demand is known, but its
distribution over the productsis unknown. Then, the optimal order quantity for each
individual item with the given total demand has to be determined. Here, the authors
compute the value of incomplete information by comparing the expected profits of
the two cases, and do not consider the performance criteria. Besides, rather than
the computation of optimal order quantities, results are computed numericaly to
provide a research framework for the value of information. Their assumptions are:
(1) demand is normally distributed, (2) demand for different items is independent,
(3) the salvage value for unsold items is zero, (4) there is no penalty for unmet
demand, (5) price, cost, average demand, and standard deviation of demand for all
products are the same, (6) for the model with budget constraint, only two items are
considered, (7) analyzing substitutability, only a two-item newsvendor problem is
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prepaysa unit reservation cost up-front. Then, the retailer pays an execution cost for
each unit purchased up to the option reservation level. The retailer loses the initial
payment if he does not exercise the option. Related to those, it is further assumed
that:

e Thetota cost of option contract (reservation plus execution cost) is larger than
the cost of fixed-price contract.

e Thereservation cost of option contract is smaller than the pure procurement cost
of the fixed-price contract.

Following the problem formulation, the authors establish the structural properties
of the optimal solution (e.g., the concavity of expected profit function) and propose
apolynomial solution algorithm of o(n) order. The main advantage of the proposed
algorithm is that it does not depend on a specific demand distribution and it
is applicable to general continuous dema
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be used to satisfy demandsfor lower capacity chips. Current literaturein this stream
can be classified as those focusing on one-way substitution or two-way substitution.

1.3.1 One-Way Substitution

Bassok et al. (1999) concentrated on full downward substitution among the various
structures of substitution. Considering that there are & products and # demand
classes, full downward substitution implies that excess demand for class ; can be
satisfied using stocks of product 4 for ;> ,. The authors discuss a two-stage profit
maximization formulation for the multi-product substitution problem. In the first
stage, the orders are placed (before demands are realized) , and in the second stage
the products are alocated to demands (after demand is observed) (i.e., alocation
problem). The authors assume that there are & products and # demand classes,
and the demands for each class are stochastic. The order, holding, penalty, and
salvage costs are assumed to be proportional, and the revenue is linear in the
quantity sold. It is further assumed that the substitution cost is proportional to the
quantity substituted. Delivery lags and capacity constraints are ruled out. Finally,
it is assumed that the revenue earned for each unit of satisfied demand in class ;
dependsonly on ,and not on the type of product , used to satisfy the excess demand.
The authors assume that: (a) it is more profitable to satisfy unmet demand of class
than of class 4, for , < ,; (b) the effective salvage value of product ; is not less than
that of product 4, for ;< 4 and (c) the substitution of product , for demand class ,
is profitabl e

Let ( ) be the maximum single period profits and n(' - ) be the expected

single period profits when the starting mventory before placing the order is 7> and

after ordering is raised to . Then, (7) = max [ >3 )37, ))- Let ? =
(41,--.4¥) be avector of readized demands. Define F(; ) = F12,“7,V(;, Ly rg¥)
as the joint distribution of demands from class 1 to N. Let G( 4 ) bethe profits

for agiven stock level, 7 v » and the realized demand, ;) La, be the quantity of
product 4 allocated to the demand class ;. Then

1Y
_>
A=Y e Gy oy b GO ARG, (131)
=1 4+
where:
. Ny N N
G( ’ )_ maX 13 '.+ ‘u.ﬂ'. n A
RER R 71‘»1 ; 7 ; i,
Subject to

4 N
V+ o J,‘:A,l‘for»,:1,...,N,,“+Zi a=gfori=1...¥ (1.32)
=
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The authors present a greedy algorithm for the allocation problem, and give a
new and compact notation of writing the first differentials of the profit function
with respect to stock levels. They prove that given a starting inventory level, the

%
alocation algorithm will maximize profits in G( .4 ). In addition, the profit
function n(,_> ,_‘>) is proven to be concave and submodular They aso propose
an iterative algorithm to compute the order points for a two-product problem, and
develop bounds on the optimal order points. Finally, they present a computational
study for the two-product problem and show that the benefits of solving for the

optimal quantities, when substitution is considered at the ordering stage, are higher
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Cai et a. (2004) used asimilar expected profit function as above and proved that
it is concave and submodular. Using this property, the optimal order quantities can
be found by setting the derivatives with respect to 4 and  equal to zero. If we

define G( 4. ‘i) Jo# [o# #7116 15 2)d 24 1, thefollowing holds:

12— f)’ 15 2)§ 2§ 1} - (1.39)
f&l -~ -~

* ( 2+vf2)_m) N ( 1+'Pl)_’l
Fl('! +( 1+p1) —( 2+32)G(!’ ¥ (1) ( 2+ p) (1:36)

o, (2tp)—a) 5 x (2+p2)—g
FZ(‘fH( 2+ p2) —22) G(‘f’ f) (‘i i) (2+p2) -2 (1.37)

F,( J) represents the probability of al of the demand for item , being sat-
isfied when the stock level is * G( 4 v ¥ *) is the probability that the total
demand is satisfied given that |tem 1 was substituted for item 2. F( & W “2) =
Jo¥ Jo# 1 & 15 2)§ 2@ 1 is defined as the probability that the demand for eéach'item
is satisfied without any substitution. Finally, Fz(“)—i—G(‘ 'f) (‘ “) isthe
probability that all of the demand for item 2 is Satisfied tsing either of the items.
Cai et a proved four different properties of the optl mal order quantltleﬁ Property 1
shows that as the unit price of item ; increases, J decreasesand _J increases and,
evidently 5 decreases as the unit price of it ‘% increases. Property 2 states that
when the price of each item increases, their respective optimal quantities decrease.
Conversely, theincreasein price of item 1 decreases the optimal quantity for item 2.
Property 3 states asimilar argument rel ated to salvage cost. Property 4 indicates that
the optimal order quantity of each item is linearly related to their respective mean
demands. Property 5 states that the variance of item , affects the optimal quantity of
item , reversely. In this paper, the authors showed that the expected profits and the
fill rate can be improved by using substitution.
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Table 1.1 Notations for two-way substitution

Symbol Meaning

R Review period

1, Replenishment lead time

1,472, Replenishment cycle

% . 0) Density function of demand over the replenishment
cycle for product 4

B, Parameter that satisfies, o, = B,01

Inventory holding cost

e

S, Order up-to level

4 Sdfety factor, S, =, + K0,

0<a,<1 Probability that a costumer will substitute , for aunit
of A

7 (o) Density function of standard normal distribution

& Tabulated function of the standard normal distribution

1.3.2 Two-Way Substitution

Unlike the one-way substitution, in two-way substitution case, each of the items can
be used to supply the demand for another one. This only occurs when the demand
for one item is higher than the quantity ordered and the demand for the substitute
item is lower than the quantity ordered. McGillivray and Silver (1978) and Parlar
and Goyal (1984) assumed whenever substitution is possible, there is a probability
that a customer will accept a substitute product. In Parlar’s case, this probability
was between 0 and 1, whereas it was fixed for McGillivray. In McGillivray’s paper,
the demand,y , , is assumed to be normally distributed with a mean of;j and a
standard deviation of o, = 8,01. The order up to level is given as S, =y, + K0,
and the expected shortage per replenishment cycleis ESARC, = 0,G (K) The unit
variable costs and shortage cost of the substitutable, items are also’assumed to be
identical. This assumption is justified by the fact that in reality when two items are
substitutable they will have similar prices. Different levels of substitutability were
considered in the paper. The notation used in their paper isshown on Table 1.1.
Weknowthat G ( )= [*( o— )3 QN )d o, and ¢ m):‘“>(‘§) Bysettmg

the partial derivative of ETR W|th r%pect % K, to 0, wefind thet » >(Rx) =
for y=1,...,#. Using the standard normal property , 0) = n>§10 +G &0')
ETRC can be reduced to: u

N
P . ) = %mzi; +oup, (€)3 B, (1.39)

If we assume that there is full demand transferability and all items are perfect
substitutes of each other,~, , = 1, ashortage happens only when the total demand for
al itemsis smaller than the total stock up-to level. The total shortage and on-hand
inventory decrease the same amount by the transfer sales; therefore, the total net



1 The Multi-product Newsvendor Problem. .. 27

stock stays the same as the general case. Consequently, the expected total relevant
costs with perfect substitution is:

L d A
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below the mean or even close to zero. This means that the risk-pooling effect of
substitution reduces the inventories of both products. This effect is more apparent
for theinventory of the lower priced product. The authors show that this method can
easily be applied to the n-product and multi-period model.

Focusing on a stylized two-product setting, the end of period profit for the buyer
are:

el i[ xs—lz,ﬁ&( =) 1< gves g

G, 2 Lyt ¥2- Zl""'Jr 1M|n¢1—t f_”) ify 1> f“gf
el gy 2)- &1— ' mlfie g - (gal’

Gy, 3. y1+ 2@ ;,‘!+ 2Ming 2— ‘\f7‘\!'4}’1) ify 1< '\11“>f
(g sd-fe- @l —pelie— @) - (g0

C"‘-ﬁ,ii g hyg BTy 1> gy2> g

(1.41)

and based on this, the expected profit functionis:

Bn( o o]
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talgvi-b2- f)+]++tz(!"a—¥ )" — b1 )"

—arz%z—f—wm)*ﬁ]
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cases, the expected profit increases when the solution is equal to or higher than the
lower bound. They define upper boundsto be U and Y where F3( = Uy~ 1

and Fy( 4 ) ~ 1, +u{ — ). using
s mHarﬁrgumgts tol a fﬁwy p vethat the o;ﬂﬁnal ﬁutlorﬂglower than the
upper bound. Stricter upper bounds can be found assuming _; and , are normally
distributed; consequently, 3 and 4 can be assumed to lﬁ normally distributed.
They prove that any optifal sol®on will be less than N and N where ‘Q‘
and ) are the solutions to the newsvendor problems w‘% demands

Numerical tests were run to gain insights to the problem. As a result, ﬂias fol d
that as =’ increases, -l increases and > decreases. This can be explained by the
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The solution to this set of equationsis:
— +.
¥1Yo) = ZJFML, (1.60)

( b B_e.z)

N 1Y) = %&%, (1.61)

where 1 = (41 + go1) — fi' (e Y1) (e1)der — o2+ andhz = et pe)
_ fi;(gz N 2); (&2)dez —. 01+ L.
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_’\ (J =+ W"‘_‘PJ'—’—V )
:( v )(‘"" bf“x o ) 1& t'.) + '._Q&)IJ'.

() (6 ) (e, (163
whereY | = a, — (+,+ yd, —.d,). The total profit is ETY 1Y 2,ai1,00)] = HM)]
+HM]
The FOCs are:
A P N S [ L (R
—{(,—2)+(,—2+p)1-FV )]} (1.64)

The second-order conditions are:

O H]

F:_( o) 1— AV )—( -2 +p)k YY) (1.65)
0%Hn
%:_( 1—2+p0)A— gl V1) —( 2—g+p2)(1— ghs¥2). (1.66)

From the Hessian Matrix, 1| < 0, 1| = 1112[(1_ 81— p) =22 >0,
wherevz( N R N (w) v
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